This paper studies asset pricing in arbitrage-free financial markets in general state space (both for frictionless market and for market with transaction cost). The mathematical formulation is based on a locally convex topological space for weakly arbitrage-free securities' structure and a separable Banach space for strictly arbitragefree securities' structure. We establish, for these two types of spaces, the weakly arbitrage-free pricing theorem and the strictly arbitrage-free pricing theorem, respectively.
Introduction
Arbitrage-free asset pricing theory is of fundamental importance in neo-classical finance. In this paper, we consider it in a setting of general state spaces, in particular, locally convex topological space for weakly arbitrage-free security markets, and separable Banach space for strictly arbitrage-free security markets. We deal with both frictionless and frictional security markets.
In the study of mathematical economics, arbitrage-free conditions have always been an important first step toward the general equilibrium theorem with incomplete asset markets (Duffie and Shafer [1, 2] ; Geanakoplos [3] ; Geanakoplos and Shafer [4] ; Hirsch, Magill and Mas-Colell [5] ; Husseini, Lasry and Magill [6] ; and Magill and Shafer [7] ). Since the 1980s, for finite period economies, no-arbitrage pricing theory has been applied by various authors to prove the existence of general equilibrium for stochastic economies with incomplete financial markets (Duffie [8] [9] [10] ; Florenzano and Gourdel [11] ; Magill and Shafer [7] ; Werner [12, 13] ; and Zhang [14] ). In those works, the finite number of possible states of nature and the finite-dimensional commodity space are usually assumed in order for the proofs to be carried out for the general equilibrium model with incomplete financial markets. Our model considers a general state space which may have an infinite number of states.
Many mathematical economists usually apply Stiemke's Lemma, a strict version of Farkas-Minkowski's Lemma, to study the asset pricing theory with no-arbitrage conditions, for example, discrete-time models of dynamic asset pricing theory (Duffie [9, 10] ) and the theory of economic equilibrium with incomplete asset markets (Geanakoplos [3] ; Geanakoplos and Shafer [4] ; Hirsch, Magill and Mas-Colell [5] ; Husseini, Lasry and Magill [6] ; and Magill and Shafer [7] ) where the commodity space is of finite dimension. Farkas-Minkowski's Lemma and Stiemke's Lemma are in essence the mathematical counter part of the asset pricing theory with no-arbitrage conditions. In this paper, we obtain extensions (to the general state space in our discussion) of , q V with consistency q vV Τ = , where ( ) 1 , ,
The valuation functional is called to be a positive linear consistent valuation operator for the weakly arbitrage-free frictionless market, a strictly positive linear consistent valuation operator for the strictly arbitrage-free frictionless market, respectively.
The idea of arbitrage and the absence of arbitrage opportunities is fundamental in finance. The strict arbitrage-freeness is important in the study of general equilibrium theory with incomplete asset markets (Husseini, Lasry and Magill [6] ; Werner [13] ; and Magill and Shafer [7] ). Theorem 2 to be presented in the following is an important step in the study of equilibrium for economies with general state spaces considered in our work. The principal mathematical tool applied here is the Separating Hyperplane Theorems of Clark [15] and [16] .
[Fact 1] (Clark [16] ) Suppose M and N are non-empty disjoint convex cones in a locally convex topological vector space E . Then there exists a non-zero continuous linear functional : [15] ) Suppose M and N are non-empty convex cones (with vertices at the origin) in a separating Banach space E . Then there exists a non-zero continuous linear functional :
Fact 1 and 2 will be used to prove Theorems 1 and 2 in Sections 3 and 4, Theorems 3 and 4 in Sections 6 and 7, respectively. We assume E T = ×  , which is a topological space, then E T
is the positive cone of E , which is a positive closed convex cone of E with its vertex at the origin. The marketed subspace [16] stated that there exists a non-zero continuous linear functional : Since M is a linear space, ( ) 0
And therefore, the vector
is that we want.
The converse is obvious. Q.E.D.
[Remark 1]
If Ω is a finite set, then T Ω =  is an Euclidean space, Definition 1 is the usual concept of weak arbitrage-freeness. Theorem 1 is the well-known Farkas-Minkowski's Lemma (Duffie [9] ; Farkas [27] and Franklin [28] ).
[Remark 2] Theorem 1 (The Extension of Farkas-Minkowski's Lemma) means that the present value of the securities prices at date 0 is the value of their returns at date 1.
Strictly Arbitrage-Free Security Valuation Theorem with Frictionless Security Markets
In this section, we assume that T is a separable Banach space. We prove Proposition 2 and Theorem 2 by using Definition 2 of the strictly arbitrage-free frictionless market ( ) , q V . 
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The frictionless market ( ) , q V is strictly arbitrage-free if and only if
. On the contrary, we assume that there exists ( ) ( )
are non-empty convex cones with vertices at the origin in the separable Banach space E , Theorem 5 in Clark [15] states that there exists a non-zero continuous linear functional : 
Since M is a linear space, ( ) 0
The converse is again obvious. Q.E.D.
[Remark 1]
If Ω is a finite set, then T Ω =  is an Euclidean space, Definition 1 is the usual concept of strict arbitrage-freeness. Theorem 2 is the well-known Stiemke's Lemma (Duffie [9, 10] 
Frictional Security Markets
Suppose that there are transaction costs in the trading, the coefficients 
and
The function j φ is sublinear, and hence convex. Therefore the function j Φ is also sublinear, and hence convex.
The total cost or gain induced by (trading) a portfolio
. We define the function : 
Weakly Arbitrage-Free Security Valuation Theorem with Frictional Security Markets
In this section, we assume that T is a locally convex topological space. 
This is a contradiction! Therefore, any portfolio 
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Proof. Both M ′ and E + are closed and convex cones of E with their vertices at the origin.
The frictional market ( ) , , , q V b s is weakly arbitrage-free if and only if
and N ′ are non-empty disjoint convex cones, [16] stated that there exists a non-zero continuous linear functional : .
The vector
∈ is thus what we want:
Conversely, assume that there exists a positive functional 
Strictly Arbitrage-Free Security Valuation Theorem with Frictional Security Markets
In this section, we assume that T is a separable Banach space. We prove the following Proposition 4 and 
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Proof. ( )
For sufficiency, we must consider two cases: (1) If there exists
which is a contradiction. It follows that any portfolio J θ ∈  of securities has a strictly positive total cost or gain ( ) 0 τ θ > whenever it has a positive payoff 
11
Proof. Both M ′ and E + are closed and convex cones of E with the vertices at the origin.
Since M ′ is a polyhedral (convex) cone in E and E + is a closed convex cone of E , E M + ′ − is a closed convex cone from Lemma of Clark [15] , that is,
The frictional market ( ) , , , q V b s is strictly arbitrage-free if and only if
On the contrary, we assume that there exists ( ) ( )
and ( ) ( ) ( ) 
( )
Concluding Remarks
In Section 4, we examine the following problem: whether the security prices Dalang, Morton and Willinger [20] and Jacod and Sgiryaev [22] studied arbitrage-free model, weakly arbitrage-free model, and strongly arbitrage-free model, provided simple proofs of the two fundamental theorems of asset pricing theory. Jacod and Sgiryaev [22] proved that the three concepts are equivalent to each another. In fact, the three concepts are strictly arbitrage-free securities' price-return pair in Section 2 of our paper. Jacod and Sgiryaev [22] assumed that V is an integrable (finite expectation) random variable (martingale condition). But we only assume V is in the locally convex topological space T for weakly arbitragefree frictionless market (Section 3), and V is in the separable Banach space for strictly arbitrage-free frictionless market (Section 4). Therefore our study in Sections 2, 3 and 4 is more general than Jacod and Sgiryaev [22] .
Pham and Touzi [26] studied frictional markets with the transaction cost rates for purchasing and selling the securities, addressed the problem of characterization of no arbitrage opportunity (strict arbitrage-freeness) in the presence of transaction costs in a discrete-time financial model, and extended the fundamental theorem of asset pricing under a non-degeneracy assumption. We also study the first fundamental valuation theorems of asset pricing from frictionless security markets to frictional security markets in Sections 5, 6 and 7. However, our results are different from those in Pham and Touzi [26] in the following two aspects. (1) The definition of no arbitrage opportunity in Pham and Touzi [26] is different from our definition of strict arbitrage-freeness. (2) Our proofs of Theorems 3 and 4 are different from Pham and Touzi [26] . In fact, we provide the proof by using theory of functional analysis, while Pham and Touzi [26] applied stochastic analysis to prove their results. Therefore, our result works for more general space than theirs.
Frictional economies are fundamentally different from their frictionless counterparts. The theory of general economic equilibrium for frictional economies with incomplete financial markets should be studied. We make the first step by establishing the corresponding no-arbitrage (that is, strictly arbitrage-free) pricing theory. From the first fundamental valuation theorems of asset pricing in general state space with transaction costs we have obtained here, one may further study the corresponding existence of general equilibrium for frictional economy with infinite-dimensional commodity space and incomplete financial markets.
In Section 7, we proved the equivalent conditions (Proposition 4 and Theorem 4) of strictly arbitrage-free frictional market by using Definition 4'. There are some difference between Definitions 4 and 4'. In fact, we can obtain the following (weaker) results for strictly arbitrage-free frictional market as defined by Definition 4. 
